We study an interacting particle system on the simple cubic lattice satisfying the nearest neighbor exclusion ͑NNE͒ which forbids any two nearest sites to be simultaneously occupied. Under the constraint, we develop an edge-to-site reduction of the Bethe-Peierls entropy approximation of the cluster variation method. The resulting NNE-corrected Bragg-Williams approximation is applied to statistical mechanical modeling of a liquid silicate formed by silica and a univalent network modifier, for which we derive the molar Gibbs energy of mixing and enthalpy of mixing and compare the predictions with available thermodynamic data.
I. INTRODUCTION
The paper is concerned with the modeling of thermodynamic properties of interacting particle systems on the simple cubic lattice satisfying the nearest neighbor exclusion ͑NNE͒ which forbids any two nearest sites of the lattice to be simultaneously occupied. In comparison with the facecentered-cubic lattice formulation, the NNE-constrained simple cubic lattice setting provides a more natural approach to statistical mechanical modeling of liquids and gases, a two-dimensional example of which can be found in Ref. 1 .
For the class of NNE-constrained cubic lattice systems, we carry out an edge-to-site reduction of the Bethe-Peierls entropy approximation.
2 The latter represents the first level in the hierarchy of the cluster variation method ͑CVM͒ approximations 3-8 which takes into account the geometry of the carrier lattice and the statistical correlation between the equilibrium states of nearest sites. The resulting entropy approximation is organized as the Bragg-Williams approximation less the tripled Shannon mutual information 9 between the occupancies of nearest neighbors which is induced by the NNE constraint.
The NNE-corrected Bragg-Williams approximation of the configurational entropy is applied to thermodynamic modeling of a binary liquid silicate SiO 2 -M 2 O formed by silica and the oxide of a univalent network modifier M. The internal structure of the liquid silicate is modeled as an assemblage of Si-O-Si, Si-O-M, and M-O-M second nearest neighbor bonds ͑SNNBs͒ centered at oxygen atoms which reside at the sites of the simple cubic lattice subject to the NNE constraint, so that no two nearest neighbors are simultaneously occupied by oxygen atoms. We assume that the energies, associated with the SNNBs, depend not only on their composition, but also on the bond angles.
The resulting thermodynamic model is governed by six parameters which specify the SNNB energies for each of the equivalence classes into which the set of 79 occupied site configurations is split by the action of the isometry group of the simple cubic lattice generated by reflections and discrete rotations. 10 In the framework of the NNE-corrected BraggWilliams entropy approximation, we derive the molar Gibbs energy of mixing and enthalpy of mixing for the liquid silicate as a function of temperature and chemical composition. We undertake a preliminary calibration of the model using the predictions of the modified quasichemical model [11] [12] [13] [14] implemented in the FactSage software package and related thermodynamic databases. 15 In addition to being three dimensional, the statistical mechanical model of liquid silicates, developed in the present study, incorporates qualitative insights into the internal structure of silicate melts, based on the experimental studies and reported in the literature; see, for example, Refs. 16 and 17 and references therein. Although the model is reminiscent of the Yokokawa-Niwa model of binary silicate melts, 16 the NNE-constrained cubic lattice setting is extendable in two directions. Firstly, it is applicable to multicomponent silicate systems. Secondly, the approach has the potential of developing a "face-to-diagonal" reduction of the KramersWannier approximation, and a "quasitetrahedral" reduction of Kikuchi's cube approximation of CVM to deliver progressively refined predictions of the thermodynamic properties. These last approximations take into account the higher-order statistical correlations over the faces of the cubic cells of the carrier lattice and across the cells themselves, thereby representing the further levels in the CVM hierarchy.
Apart from the aforementioned Shannon information, we systematically use other related probabilistic concepts, including the conditional entropy of discrete random variables, 9 which provide an efficacious vehicle to facilitate the entropy, and hence, thermodynamic calculations, and to quantify the influence of geometric frustration on the entropy which are employed in the CVM approximations, are interpretable in terms of Shannon information.
The paper is organized as follows. In Sec. II, we describe the class of NNE-constrained cubic lattice particle systems under consideration. Section III carries out the edge-to-site reduction of the Bethe-Peierls approximation, with the necessary entropy theoretic background outlined in Appendix to make the exposition self-contained. In Sec. IV, the statistical mechanical model of a binary liquid silicate is described, with the molar Gibbs energy of mixing and enthalpy of mixing derived in Secs. V and VI. Section VII provides the results of the model calibration for the SiO 2 -Na 2 O system. Concluding remarks are given in Sec. VIII.
II. NEAREST NEIGHBOR EXCLUSION CUBIC LATTICE SETTING
Consider an interacting particle system on the simple cubic lattice Z 3 whose equilibrium spatial arrangement is described by a random field 19, 21 = ͑ z ͒ zZ 3, where z is an ⍀-valued random variable specifying the state of site z. Here,
is a finite set which describes all admissible site configurations, with 0 representing a vacancy, and W 0 the set of states of an occupied site. We denote by A, B, C, D, E, F, G, and H the values of the equilibrium random field at the sites of the cubic cell ͕0,1͖ 3 ; see Fig. 1 . The particle system is assumed to satisfy the NNE which forbids any two nearest sites of the carrier lattice to be simultaneously occupied. In terms of the random variables A and B, the NNE constraint reads
where P͑·͒ stands for the underlying probability measure. Furthermore, the equilibrium random field is assumed homogeneous, so that its finite dimensional probability distributions are invariant under translations of the simple cubic lattice Z 3 . In particular, the homogeneity implies that the random variables A, B, C, D, E, F, G, and H are identically distributed. Their common marginal probability mass function ͑PMF͒ S = ͑S u ͒ u⍀ , defined on the set ⍀ in Eq. ͑1͒ by
will be referred to as the site PMF. By a standard ergodicity argument, which is applicable if the system is not at its critical parameters so that there is no ergodicity breakdown, S u is the fraction of the sites with state u in a macroscopically large fragment of the carrier lattice.
Using the NNE constraint of Eq. ͑2͒ and the property that A and B are identically distributed with the site PMF defined by Eq. ͑3͒, the probability that two nearest sites of the carrier lattice are both vacant reads with the fraction of vacant sites S 0 necessarily satisfying S 0 ജ 1 / 2. In the extreme case S 0 =1/2, where the right hand side of Eq. ͑4͒ vanishes, one of the nearest neighbors is occupied while the other is vacant, so that the occupied sites of Z 3 are densely packed.
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III. EDGE-TO-SITE REDUCTION OF BETHE-PEIERLS APPROXIMATION
In notation of Appendix, under the NNE and homogeneity assumptions of Sec. II, the edge entropies
H edge ͑2͒ = H͑A,C͒, ͑6͒
with the superscripts specifying the appropriate coordinate axes in Fig. 1 , are all reducible to the site entropy
Indeed, recalling Eq. ͑1͒, the probabilities E ab = P ͑A = a, B = b͒, which comprise the joint PMF of A and B, are expressed in terms of the site PMF S in Eq. ͑3͒ as
where the first equality replicates Eq. ͑4͒. Hence, the edge entropy in Eq. ͑5͒ reads
where use has also been made of Eq. ͑8͒, and
The quantity ⌽͑p͒ is the Shannon mutual information I͑␣ ; ␤͒ between identically distributed random variables ␣ and ␤ which take values from ͕0, 1͖ and satisfy P͑␣␤ =0͒ = 1, with P͑␣ =0͒ = P͑␤ =0͒ = p. The graph of the function ⌽ is depicted in Fig. 2 .
The edge entropies in Eqs. ͑6͒ and ͑7͒ too are given by the right hand side of Eq. ͑9͒, so that
The last equation, which reduces the common edge entropy to the site entropy, will be referred to as the edge-to-site reduction. From Eq. ͑11͒ it also follows that ⌽͑S 0 ͒ is the Shannon mutual information between the states of nearest neighbors of the carrier lattice, induced by the NNE constraint. The site entropy H site provides the well-known BraggWilliams approximation 2 to the entropy of the equilibrium random field per site of a macroscopically large fragment of the carrier lattice,
where Q N = ͑ z ͒ zQ N is the restriction of to the discrete cube Q N = ͕0, ... ,N −1͖ 3 consisting of N 3 sites of Z 3 . Moreover, H site is an upper bound of h, that is, h ഛ H site . Following the terminology of Ref. 8 , the quantity h in Eq. ͑12͒ will be referred to as the entropy density to emphasize that the configurational entropy is averaged per site of the carrier lattice.
The CVM with pairs of nearest neighbors of Z 3 as maximal clusters, or equivalently, the Bethe-Peierls approximation, 2 yields a subtler entropy density estimate
which takes into account the geometry of the simple cubic lattice and the statistical correlation between the states of nearest sites. Unlike H site , however, Eq. ͑13͒ is not guaranteed to deliver an upper bound for the entropy density in Eq. ͑12͒.
By the edge-to-site reduction in Eq. ͑11͒ under the NNE constraint, Eq. ͑13͒ reads
Although, similarly to H site , the entropy density estimate in Eq. ͑14͒ is completely specified by the site PMF, the distinction consists in the negative correction term −3⌽͑S 0 ͒ which is solely due to the NNE constraint neglected by the standard Bragg-Williams estimate. Therefore, Eq. ͑14͒ can be regarded as a NNE-corrected Bragg-Williams entropy density approximation obtained via the edge-to-site reduction of the Bethe-Peierls approximation. Also note that, in contrast to the entropy density h defined by Eq. ͑12͒, the NNE-corrected Bragg-Williams approximation ĥ edge can take negative values. For example, if the set ⍀ in Eq. ͑1͒ consists of two elements, #⍀ = 2, so that W is a singleton, then Eqs. ͑10͒ and ͑14͒ yield ĥ edge = ⌼͑S 0 ͒ which gets negative for relatively low fractions of vacant sites S 0 Ͻ 0.6380. The latter threshold is the root of the equation ⌼͑p͒ = 0, where
The graph of the function ⌼ is shown in Fig. 3 . Its importance in the general case #⍀ജ2 is that ⌼͑S 0 ͒ is a lower bound for the NNE-corrected Bragg-Williams entropy density estimate ĥ edge in Eq. ͑14͒. Moreover, if the set of occupied site configurations W in Eq. ͑1͒ consists of many elements, #W ӷ 1, the quantity ĥ edge can significantly exceed ⌼͑S 0 ͒. Thus, the drawback that ĥ edge is not prevented from getting negative, as S 0 approaches the densest packing limit 1 / 2, is ameliorated for models with relatively complex site configurational space ⍀, let alone the improvements that can be achieved by using the higher-order CVM approximations mentioned in Sec. I. 
IV. NNE CUBIC LATTICE MODEL OF BINARY SILICATES
Consider a NNE cubic lattice model of a binary liquid silicate SiO 2 -M 2 O, where M is a univalent metal playing the role of a network-modifier. 17 The internal structure of the liquid silicate is modeled as an assemblage of X-O-Y SNNBs centered at oxygen atoms which reside at the sites of the simple cubic lattice subject to the NNE constraint, so that no two nearest neighbors are simultaneously occupied by oxygen atoms. Here, X and Y represent the Si or M atoms bonded to the central oxygen atom.
If the X-O-Y SNNB, associated with an occupied site of the carrier lattice, contains at least one cation of M, then each of the M cations is assumed to occupy one of the six nearest oxygen-free sites of the lattice. If the SNNB contains at least one Si atom, then each of the Si atoms occupies one of the centers of the eight cubic cells which share the oxygenoccupied site. The last assumption originates from the wellknown property that each Si atom participates in a tetrahedrally coordinated bond with four oxygen atoms, thereby forming a SiO 4 tetrahedron. Thus, if the center of a cubic cell of the carrier lattice is occupied by a Si atom, there are two possible such tetrahedra corresponding to two arrangements of four oxygen atoms. In each of these arrangements, the oxygen atoms occupy the end points of "face diagonals" of the cubic cell.
Therefore, the set of admissible site configurations ⍀ is described by Eq. ͑1͒, where, from straightforward combinatorial considerations, W is the set of 6 ϫ 5/2+6ϫ 8+8 ϫ 7/2−12=79 different X-O-Y bonds that can be associated with an occupied site of the carrier lattice. The reason why 12 site configurations have been eliminated from consideration will be clarified below. Thus, the set ⍀, consisting of 80 members which include the vacancy, is more complex than, for example, the site configurational space of the Ising spin system where there are only two possible outcomes for each site.
As known from crystallography, 10 the simple cubic lattice is invariant under a transformation group of 48 isometries generated by reflections and discrete rotations. The action of the group splits the set ⍀ into seven isotropic equivalence classes ⍀ 0 , ... ,⍀ 6 described by Table I . Here, d k = #⍀ k is the multiplicity, that is, the number of members, of the kth class; ␣ k and ␤ k are the Si and M contents in every member of ⍀ k , respectively, and the zeroth class ⍀ 0 represents the vacancy. The second and third columns of Table I specify the bonds and the bond angle, rounded to whole degrees, in a member of the corresponding class. The rightmost column indicates the oxygen species in the bonds according to the Fincham-Richardson classification. 23 A representative of the equivalence class ⍀ 4 is shown in Fig. 4 .
The Si-O-Si bonds with bond angle Ϸ71°, comprising the aforementioned 12 site configurations, are eliminated from consideration due to the Pauling rule which forbids any two silica tetrahedra to share more than one bridging oxygen atom. In the present lattice model, the last geometric constraint is equivalent to the condition that the Si atoms in a Si-O-Si SNNB are prohibited from occupying the centers of two adjacent cubic cells which share a common face.
V. GIBBS ENERGY OF MIXING
Similarly to the existing thermodynamic models of liquid silicates, 16, 17 which include the quasichemical model and its modifications, [11] [12] [13] we assume that the internal energy of the liquid silicate SiO 2 -M 2 O, described in Sec. IV, is composed of the SNNB energies.
Recalling Table I , denote by U k the energy ascribed to every member of the kth isotropic equivalence class ⍀ k , with U 0 = 0, so that vacant sites are endowed with zero energy. Hence, the average SNNB energy per site of the carrier lattice is 
Here, for every k = 0 , . . . , 6 and any given site configuration u ⍀ k , the quantity S k is the fraction of sites with state u, so that the site PMF in Eq. ͑3͒ inherits the symmetry from the SNNB energies as
Equivalently, the site configurations within each of the isotropic equivalence classes are equiprobable. Thus, the nonnegative quantities S 0 , ... ,S 6 , satisfying the normalization
provide an economical parametrization of the site PMF which takes into account the spatial symmetries in the system.
In a macroscopically large fragment of the carrier lattice consisting of N sites, the number of oxygen atoms N O is asymptotically given by
where S 0 ϵ S 0 is the fraction of vacant sites. The chemical composition of the liquid silicate is quantified by
the given ratio of the mole fraction of SiO 2 to that of M 2 O, where N Si = N SiO 2 and N M =2N M 2 O are the numbers of Si and M atoms in the macroscopically large sample of the system, respectively. From balance considerations,
Combining the entropy density estimate in Eq. ͑14͒ with Eqs. ͑16͒ and ͑18͒, the Gibbs energy g of the liquid silicate per occupied site of the lattice, or equivalently, per oxygen atom, is approximated by
Here, the minimum is taken over S 0 , ... ,S 6 ജ 0 subject to Eqs. ͑17͒ and ͑19͒; P is the pressure; V 1 is the physical volume of the cubic cell of the carrier lattice which is assumed constant; k B = 1.381ϫ 10 −23 J / K is the Boltzmann constant, and T is the absolute temperature. The quantity U + PV 1 on the right hand side of Eq. ͑21͒ is the enthalpy density of the system, that is, its average enthalpy per site of the carrier lattice. Accordingly, k B ĥ edge approximates the thermodynamic entropy density, with only the configurational part of the entropy taken into account.
Since every Si atom is involved in four SNNBs, while every M cation participates in one SNNB, then Table I . Therefore, Eq. ͑19͒ is equivalent to the linear equation
where
We will now carry out the constrained minimization on the right hand side of Eq. ͑21͒ by a separation-of-variables technique. For this purpose, with the random variable A in Fig. 1 , which describes the equilibrium state of the given site, we associate the site occupancy indicator ͑SOI͒
whose PMF is given by P͑ =0͒ = S 0 and P͑ =1͒ =1−S 0 . Here, I W ͑·͒ is the indicator function of the set W described by the last six rows of Table I . Since is a deterministic function of A, then, by the properties of the conditional entropy summarized in Appendix, the site entropy in Eq. ͑8͒ is representable as H site = H͑A,͒ = H͑͒ + H͑A͉͒ = H͑͒ + ͑1 − S 0 ͒⌿͑͒.
͑25͒
Here,
is the entropy of the SOI, defined by Eq. ͑24͒, and
where = ͑ k ͒ 1ഛkഛ6 is the sixtuple of the non-negative quantities,
which parametrize the conditional PMF of the state of a given site of the carrier lattice, provided that the site is occupied. More precisely, P͑A = u ͉ =1͒ = k for all u ⍀ k and k = 1 , . . . , 6. Substituting Eq. ͑28͒ into Eqs. ͑17͒ and ͑22͒ bring them to the form
which does not incorporate S 0 . Similarly, the SNNB energy density, given by Eq. ͑16͒, transforms to
͑31͒
Therefore, regarding S 0 and as a new set of variables, and substituting Eqs. ͑25͒-͑27͒ into Eq. ͑14͒ and combining the result with Eq. ͑31͒ splits the constrained minimization problem on the right hand side of Eq. ͑21͒ as
ͪ. ͑32͒
Here, the first minimum is taken over 1 , ... , 6 ജ 0 subject to Eqs. ͑29͒ and ͑30͒. The function ⌰ * , resulting from the minimization in S 0 on the right hand side of Eq. ͑32͒, is given by
where, in view of Eqs. ͑10͒, ͑15͒, and ͑26͒,
then the minimum on the right hand side of Eq. ͑33͒ is achieved at s = ⌺͑K͒ which is the unique root of the quintic equation
on the interval ͓1/2,1͒. The graph of the function ⌺ is depicted in Fig. 5 . In the framework of the entropy density approximation in Eq. ͑14͒,
is thermodynamically most beneficial fraction of vacant sites of the carrier lattice at given pressure P and temperature T. For relatively high P and/or low T such that PV 1 ӷ k B T, the quantity S 0 * is close to 1 / 2, which corresponds to the densest packing of the occupied sites of the carrier lattice. At the other extreme, for low P and/or high T, the fraction S 0 * approaches 1, so that the particle system is rarified. The graph of the function ⌰ * , defined by Eq. ͑33͒, is shown in Fig. 6 . Now, applying the method of Lagrange multipliers to the constrained minimization problem in on the right hand side of Eq. ͑32͒, one verifies that its solution is given by
͑37͒
is the partition function, so that min
The unknown parameter is found from the condition that the probabilities k * , given by Eq. ͑37͒, satisfy Eq. ͑30͒. To this end, from Eq. ͑23͒ and Table I ,
for k = 1,2 1 − 2r, for k = 3,4 − 4r, for k = 5,6.
· ͑40͒
Hence, introducing the Boltzmann factors
͑41͒
and an ancillary variable = expͩ ͑2r + 1͒
Eq. ͑30͒ is reduced to the quadratic equation
The unique positive solution to Eq. ͑43͒ is given by
From Eqs. ͑40͒-͑42͒ and Eq. ͑44͒, the partition function Z in Eq. ͑38͒ takes the form
where we have also used the identity
which follows immediately from Eq. ͑43͒. Substituting Eq. ͑46͒ into Eq. ͑39͒, the estimate ĝ edge of the Gibbs energy per oxygen atom in Eq. ͑32͒, obtained in the framework of the entropy density approximation in Eq. ͑14͒, is computed as
͑48͒
From Eq. ͑20͒, the SiO 2 -M 2 O, obtained by mixing 0 Ͻ x Ͻ 1 moles of SiO 2 and y =1−x moles of M 2 O, contains 2x + y = x + 1 moles of oxygen atoms. Therefore, the approximation Ĝ edge ͑x͒ of the Gibbs energy G͑x͒ of the liquid silicate is computed as
where R = 8.314 J / ͑K mole͒ is the universal gas constant, and Eq. ͑48͒ is evaluated with r = x / y, in conformance with Eq. ͑19͒. Hence, substituting Eq. ͑48͒ into Eq. ͑49͒, and using the asymptotic relations ϳ ͭ 4rC 3 /C 2 , as r → 0+ rC 2 /C 1 , as r → + ϱ,
ͮ ͑50͒
which follow from ͑45͒, one verifies that the approximation ⌬Ĝ edge ͑x͒ of the Gibbs energy of mixing ⌬G͑x͒ = G͑x͒ − xG͑1͒ − yG͑0͒ is computed as
Here, as above, x is the SiO 2 mole fraction. The right hand side of Eq. ͑51͒ does not depend on the pressure P, since P enters Eq. ͑48͒ only through the function ⌰ * which describes a composition-independent additive term of the equation.
As a "by-product" of the NNE-corrected Bragg-Williams entropy density approximation in Eq. ͑14͒, Eq. ͑36͒ predicts the mass density of the SiO 2 -M 2 O liquid silicate, with chemical composition in Eq. ͑19͒, as
Here, m Si , m M , and m O are the masses of Si, M, and O atoms, respectively, and use has also been made of Eqs. ͑18͒ and ͑20͒.
VI. ENTHALPY OF MIXING
From the analysis of Sec. V, carried out in the framework of the entropy density estimate in Eq. ͑14͒ combined with the structural model of Sec. IV, the approximation Â edge ͑x͒ for the enthalpy A͑x͒ of the liquid silicate SiO 2 -M 2 O, obtained by mixing x moles of SiO 2 and y =1 − x moles of M 2 O with ratio r = x / y as in Eq. ͑19͒, is given by
͑52͒
Here, we have used the symbol "A" for the enthalpy instead of the traditional "H" to avoid confusion with the information theoretic entropy; N A = 6.022ϫ 10 23 mole −1 is the Avogadro number; S 0 * is given by Eq. ͑36͒, and U͑ * ͒ is the average SNNB energy per oxygen atom which, by Eqs. ͑37͒ and ͑40͒-͑47͒, is computed as
see Table I . Substituting Eq. ͑53͒ into Eq. ͑52͒ and using Eq. ͑50͒, the enthalpy of mixing ⌬A͑x͒ = A͑x͒ − xA͑1͒ − yA͑0͒ is approximated by
Similarly to Eq. ͑51͒, the right hand side of Eq. ͑55͒ does not depend on the pressure P due to the way in which P enters Eq. ͑52͒. Note, however, that the pressure independence is a feature of the present NNE-corrected Bragg-Williams entropy density approximation. The situation is expected to be different with the higher-order CVM approximations, mentioned in Sec. I, which are able to capture the pressure dependence of the Gibbs energy and enthalpy of mixing due to the subtle interplay between the geometric frustration and energetics of the system.
VII. MODEL CALIBRATION FOR SiO 2 -Na 2 O
The predictions ⌬Ĝ edge and ⌬Â edge of the NNE cubic lattice model, given by Eqs. ͑51͒ and ͑55͒, as well as the corresponding approximation for the entropy of mixing
are invariant with respect to modifying the SNNB energies U 1 , ... ,U 6 , defined in Sec. V, by a common additive constant. Therefore, one of the SNNB energies can be set to zero, so that the thermodynamic model is controlled by, effectively, five energetic parameters. Considering the M-O-M SNNBs with bond angle 90°to be the weakest of the SNNBs described by Table I , we assume that U 5 = 0 while the remaining SNNB energies U 1 , ... ,U 4 , U 6 are all negative.
These last can be adjusted so as to reproduce the thermodynamic data available. We have undertaken a preliminary calibration of the NNE cubic lattice model for the SiO 2 -Na 2 O liquid silicate, using the Gibbs energy of mixing ⌬G͑x͒ predicted by the FactSage software package for three temperature values T = 1200, 1400, and 1800 K; see Fig. 7 .
The thermodynamic description of the system was obtained by FactSage researchers via thermodynamic optimization 14 that achieved agreement with the available experimental data on phase equilibria ͑for example, liquidus͒, enthalpies and heat capacities of solids, enthalpy of mixing, and thermodynamic activities of the liquid solution. The FactSage predictions for the Gibbs energy of mixing ⌬G͑x͒ were therefore regarded as a "valid," though indirect, experimental source for calibration of the present model. Note, however, that the aforementioned authors 14 reported only the SiO 2 -rich part of the diagram due to the lack of experimental data for low SiO 2 concentrations. The ⌬G͑x͒ predictions in Fig. 7 for x Շ 1 / 3 are the result of the FactSage polynomial extrapolation outside of the composition range of available experimental data recommended by the previous authors. 14 For calibrating the NNE cubic lattice model of the SiO 2 -Na 2 O liquid silicate, we have employed the nonlinear least squares method to minimize the largest, for the three temperatures, quadratic deviation of the predictions in Eq. ͑51͒ from those of FactSage,
where the sum is taken over the SiO 2 mole fraction x with step size 0.02. The resulting values of the SNNB energies are given in Table II. The corresponding predictions for the Gibbs energy of mixing are depicted in Fig. 8 . Comparison of Figs. 7 and 8 shows that a qualitatively better fit is achieved in the range of relatively high SiO 2 mole fractions x տ 0.4. Recall, however, that the FactSage predictions of ⌬G͑x͒ into the range of low SiO 2 concentrations are the result of polynomial extrapolation.
For completeness of exposition, Fig. 9 depicts the entropy of mixing, calculated according to Eq. ͑56͒ upon calibrating the NNE cubic lattice model. The graphs manifest the "M"-shaped form, typical for the configurational entropy of mixing in the silicate melts, [11] [12] [13] with the local minimum at x Ϸ 1 / 3 that corresponds to the Na:Si ratio 4:1. The latter is related to the sodium orthosilicate Na 4 SiO 4 composition, where, as widely reported, [11] [12] [13] [14] 
VIII. CONCLUSION
For the class of NNE-constrained interacting particle systems on the simple cubic lattice, which is relevant for statistical mechanical modeling of liquids and gases, we have carried out the edge-to-site reduction of the Bethe-Peierls entropy density approximation. The latter represents the first level in the hierarchy of the CVM approximations which takes into account the geometry of the carrier lattice and statistical correlations between the equilibrium states of nearest neighbors.
The resulting NNE-corrected Bragg-Williams approximation has been applied to thermodynamic modeling of a binary liquid silicate formed by silica and a univalent network modifier. We have undertaken a preliminary model calibration for the SiO 2 -Na 2 O liquid silicate using the predictions of the FactSage software package which employs the modified quasichemical model and available experimental data.
The NNE-constrained cubic lattice setting is extendable to multicomponent silicates and has the potential of develop- FIG. 7 . The graphs of the dimensionless Gibbs energy of mixing ⌬G͑x͒ / ͑RT͒, as a function of the SiO 2 mole fraction x with step size 0.02, for the SiO 2 -Na 2 O liquid silicate, predicted by FactSage for three temperature values T = 1200, 1400, and 1800 K. ing a "face-to-diagonal" reduction of the Kramers-Wannier approximation, and a "quasitetrahedral" reduction of Kikuchi's cube approximation of CVM to deliver progressively more accurate predictions of the thermodynamic properties. The last two approximations for NNE cubic lattice systems will be reported in subsequent publications. 
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